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a b s t r a c t
A conjecture about global attraction in autonomous competitive Lotka–Volterra systems
is clarified by investigating a special system with a circular matrix. Under suitable
assumptions, this systemmeets the condition of the conjecture but Hopf bifurcation occurs
in a particular instance. This shows that the conjecture is not true in general and the
condition of the conjecture is too weak to guarantee global attraction of an equilibrium.
Sufficient conditions for global attraction are also obtained for this system.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Consider the autonomous Lotka–Volterra system
x′i = bixi(1− Aix), i ∈ IN , (1)
where IN = {1, 2, . . . ,N} for a positive integer N > 1 and for each i ∈ IN , xi is the ith component of x ∈ RN , x′i denotes
dxi/dt , bi is a positive constant, and Ai = (ai1, ai2, . . . , aiN) is the ith row of a matrix A = (aij). We assume that aii > 0 and
aij ≥ 0 for all distinct i, j ∈ IN . Since (1) models the population dynamics of a community of N competing species with xi(t)
denoting the population size of the ith species at time t , as usual, x in (1) is restricted to the nonnegative cone RN+. We say
that an equilibrium x∗ ∈ RN+ of (1) is a global attractor if every solution of (1) in intRN+ = {x ∈ RN+ : ∀i ∈ IN , xi > 0} satisfies
limt→∞ x(t) = x∗.
In this short note, we aim to clarify a conjecture made in [1] about the global attraction of an equilibrium x∗ ∈ intRN+ of
(1). It is known that (1) has an equilibrium x∗ ∈ intRN+ that is a global attractor if
ai1
a11
+ ai2
a22
+ · · · + aiN
aNN
< 2, ∀i ∈ IN (2)
(see [2,3] or [4, pp. 294–297]). For (1) to have the same property as above, the author [5] finds a more general condition
max

0,
aij
ajj

1−
−
k≠i,j
ajk
akk

< 1−
−
k≠i,j
aik
akk
, ∀i, j ∈ IN(i ≠ j), (3)
which incorporates (2) as a special case. Further (see [1, Theorem 4.1]), if
aii > aji, ∀i ∈ IN , ∀j ∈ In \ {i} (4)
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and
aℓi(ajj − aij)+ aℓj(aii − aji)
aiiajj − aijaji < 1, ∀i, j ∈ IN(i ≠ j), ∀ℓ ∈ IN \ {i, j}, (5)
then condition (3) can be relaxed to
max

0,
aij
ajj

1−
−
k≠i,j
ajkUk

< 1−
−
k≠i,j
aikUk, ∀i, j ∈ IN(i ≠ j), (6)
where
Ui = max

ajj − aij
aiiajj − aijaji : j ∈ IN \ {i}

, ∀i ∈ IN . (7)
Since (3) or (6) implies
∀i ∈ IN , for any equilibrium y ∈ RN+ with yi = 0, Aiy < 1, (8)
as a result of considering the possibility of further relaxing condition (6) it is conjectured in [1] that (1) has an equilibrium
x∗ ∈ intRN+ that is a global attractor if (8) holds. This is based on the observation that the conjecture is true for N = 2 or
N = 3. Is it true in general? We shall see that the answer is NO. For this purpose, we investigate the asymptotic behaviour
and Hopf bifurcation of a special class of (1) with a circular matrix
A =
 c1 c2 · · · cNcN c1 · · · cN−1· · · · · · · · · · · ·
c2 c3 · · · c1
 , (9)
where c1 > 0 and cj ≥ 0 for i ∈ IN \ {1}.
2. Clarification of the conjecture
For any subset I ⊂ IN , let
C0I = {x ∈ RN+ : xi = 0 if and only if i ∈ I}. (10)
Under condition (8), the proof of [1, Lemma 5.1] actually shows that for each subset I ⊂ IN , (1) has a unique equilibrium x∗I
in C0I such that Aix
∗
I < 1 for all i ∈ I . Then, by a theorem in [6] or [7], (1) and all of its subsystems are permanent.
Proposition 1. Assume that the ci satisfy
0 ≤ c2 ≤ c3 ≤ · · · ≤ cN < c1 (11)
or
0 ≤ cN ≤ cN−1 ≤ · · · ≤ c2 < c1. (12)
Then, (1) with (9) satisfies condition (8). Thus, (1) and all of its subsystems are permanent.
Proof. Suppose (11) holds. Then the matrix A = (aij) defined by (9) satisfies
0 ≤ aN1 ≤ a(N−1)1 ≤ · · · ≤ a21 < a11 (k = 1), (13)
0 ≤ a(k−1)k ≤ · · · ≤ a1k ≤ aNk ≤ · · · ≤ a(k+1)k < akk (1 < k < N), (14)
0 ≤ a(N−1)N ≤ · · · ≤ a2N ≤ a1N < aNN (k = N). (15)
To prove that (1) with (9) satisfies (8), we need only show that, for each proper subset I ⊂ IN and every equilibrium x∗ ∈ C0I ,
Aix∗ < 1 holds for all i ∈ I . As x∗ is an equilibrium of (1) in C0I , by (10) we have Ajx∗ = 1 for j ∈ IN \ I and x∗i = 0 for i ∈ I .
Then, for each i ∈ I , if either
i < min{j : j ∈ IN \ I} ≤ max{j : j ∈ IN \ I} = m
or i > m, by (13)–(15) we have
Aix∗ =
−
j∈IN\I
aijx∗j <
−
j∈IN\I
amjx∗j = Amx∗ = 1.
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If i1 < i < i2 with i1, i2 ∈ IN \ I such that any integer between i1 and i2 is in I , by (13)–(15) again we have
Aix∗ =
−
j∈IN\I
aijx∗j <
−
j∈IN\I
ai1jx
∗
j = Ai1x∗ = 1.
Hence, we have Aix∗ < 1 for all i ∈ I .
If the ck satisfy (12) instead of (11), then, parallel to the above, the aij satisfy
0 ≤ a21 ≤ a31 ≤ · · · ≤ aN1 < a11 (k = 1), (16)
0 ≤ a(k+1)k ≤ · · · ≤ aNk ≤ a1k ≤ · · · ≤ a(k−1)k < akk (1 < k < N), (17)
0 ≤ a1N ≤ a2N ≤ · · · ≤ a(N−1)N < aNN (k = N). (18)
For each i ∈ I , if either
i > max{j : j ∈ IN \ I} ≥ min{j : j ∈ IN \ I} = k
or i < k, by (16)–(18) we have Aix∗ < Akx∗ = 1. If i1 < i < i2 with i1, i2 ∈ IN \ I such that any integer between i1 and i2 is
in I , by (16)–(18) again we have Aix∗ < Ai2x
∗ = 1. Therefore, (1) with (9) satisfies (8) under (11) or (12). 
Note that (1) with (9) has an equilibrium x∗ ∈ intRN+ given by
∀i ∈ IN , x∗i = (c1 + c2 + · · · + cN)−1. (19)
If b in (1) is given by
∀i ∈ IN , bi = c1 + c2 + · · · + cN , (20)
the Jacobian of (1) with (9) and (20) at x∗ is−A. We now consider a 6-dimensional system with
(c1, c2, c3, c4, c5, c6) = (1, 0, 0.6, 0.7+ α, 0.9, 0.9), (21)
where α is a real parameter satisfying |α| ≤ 0.1.
Proposition 2. Hopf bifurcation occurs at α = 0 in system (1) with (9), (20), N = 6 and (21).
Proof. From (9) we see that, for σ = e(2π/N)i and j ∈ IN ,
λj = c1 + c2σ j−1 + c3σ 2(j−1) + · · · + cNσ (N−1)(j−1) (22)
is an eigenvalue of Awith a corresponding eigenvector
vj = (1, σ j−1, σ 2(j−1), . . . , σ (N−1)(j−1))T . (23)
Since the Jacobian of (1) with (9) and (20) at x∗ is−A, by Theorem I in [8, p. 14] we need only show that A with N = 6 and
(21) has four eigenvalues with positive real parts and a pair of complex eigenvalues u(α) ± iv(α) satisfying v(α) > 0 for
|α| ≤ 0.1, u(0) = 0 and αu(α) < 0 for 0 < |α| ≤ 0.1. When N = 6, we have
σ = e(π/3)i = 1
2
+
√
3
2
i, σ 2 = e(2π/3)i = −1
2
+
√
3
2
i, σ 3 = eπ i = −1,
σ 4 = e(4π/3)i = −1
2
−
√
3
2
i, σ 5 = e(5π/3)i = 1
2
−
√
3
2
i, σ 6 = e2π i = 1.
Then, from (22) we see that A has the following 6 eigenvalues:
λ1 = 1+ 0.6+ 0.7+ α + 0.9+ 0.9 = 4.1+ α > 0,
λ2 = 1+ 0.6σ 2 + (0.7+ α)σ 3 + 0.9σ 4 + 0.9σ 5 = −α − 0.6
√
3i,
λ3 = 1+ 0.6σ 4 + (0.7+ α)+ 0.9σ 2 + 0.9σ 4 = 0.5+ α − 0.3
√
3i,
λ4 = 1+ 0.6+ (0.7+ α)σ 3 + 0.9+ 0.9σ 3 = 0.9− α > 0,
λ5 = 1+ 0.6σ 2 + (0.7+ α)+ 0.9σ 4 + 0.9σ 2 = 0.5+ α + 0.3
√
3i,
λ6 = 1+ 0.6σ 4 + (0.7+ α)σ 3 + 0.9σ 2 + 0.9σ = −α + 0.6
√
3i.
Since 0.5+ α > 0, the conclusion follows with u(α) = −α and v(α) = 0.6√3. 
From Propositions 1 and 2we see that system (1) with (9), (20),N = 6 and (21) satisfies condition (8) but for some values
of α ∈ [−0.1, 0.1], the system has nonconstant periodic solutions so x∗ given by (19) is not a global attractor. This shows
that the conjecture in [1] is not true in general.
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3. Sufficient conditions for global attraction
From the last section, we see that condition (8) is too weak to guarantee global attraction of an equilibrium. However,
for (1) with (9), we have the following result.
Theorem 1. The equilibrium x∗ of (1) with (9) given by (19) is a global attractor if one of the following conditions holds.
(i) The ci satisfy c2 + c3 + · · · + cN < c1.
(ii) The ci satisfy, for all j ∈ IN \ {1}, c2 + c3 + · · · + cN < c1 + cj and
(c2 + c3 + · · · + cN − c1)(c1 − cj) < cj(c1 − cN−j+2). (24)
(iii) In addition to (11) or (12), the ci also satisfy
(c2 + c3 + · · · + cN)M < 1+ cjM, (25)
[(c2 + c3 + · · · + cN)M − 1] (c1 − cj) < cj(c1 − cN−j+2)M (26)
for all j ∈ IN \ {1}, where
M = max

c1 − cj
c21 − cjcN−j+2
: j ∈ IN \ {1}

. (27)
Proof. Suppose (i) holds. Then, by (9), we have
ai1
a11
+ ai2
a22
+ · · · + aiN
aNN
= 1
c1
(c1 + c2 + · · · + cN) < 1c1 (c1 + c1) = 2
for all i ∈ IN . Thus, (2) is met so x∗ is a global attractor.
Suppose (ii) holds. Then, ∀i, j ∈ IN (i ≠ j),−
k≠i,j
aik
akk
= 1
c1
−
k≠i
aik − aij

= 1
c1
(c2 + · · · + cN − cℓ) for some ℓ ∈ IN \ {1}
<
1
c1
(c1 + cℓ − cℓ) = 1.
Thus, 1−∑k≠i,j aikakk > 0 and 1−∑k≠i,j ajkakk > 0. Then, ∀i, j ∈ IN (i ≠ j),
(3) holds ⇐⇒ aij
ajj

1−
−
k≠i,j
ajk
akk

< 1−
−
k≠i,j
aik
akk
⇐⇒ aij
c21

c1 −
−
k≠i,j
ajk

<
1
c1

c1 −
−
k≠i,j
aik

⇐⇒ aij(c1 + aji − c2 − · · · − cN) < c1(c1 + aij − c2 − · · · − cN)
⇐⇒ (c2 + · · · + cN − c1)(c1 − aij) < aij(c1 − aji).
Form (9), we see that if aij = cℓ for some ℓ ∈ IN \ {1} then aji = cN−ℓ+2. Hence, (3) follows from (24) for all j ∈ IN \ {1} so x∗
is a global attractor.
Finally, suppose condition (iii) is fulfilled. Note that condition (4) follows from applying (8) to all the axial equilibria.
Thus, if (8) is met, for each pair i, j ∈ IN with i ≠ j and I = IN \ {i, j}, (1) has a unique equilibrium x∗I in C0I . Note also that
condition (5) means Akx∗I < 1 for all k ∈ I , which follows from (8). Then, by Proposition 1, (11) or (12) implies (8) so (4) and
(5) hold. From (7) and (27) we obtain Ui = M for all i ∈ IN . Therefore, from (25) we have, ∀i, j ∈ IN (i ≠ j),
1−
−
k≠i,j
aikUk = 1+ aijUj −
−
k≠i
aikUk
= 1+ cℓM − (c2 + · · · + cN)M > 0
for some ℓ ∈ IN \ {1} and 1−∑k≠i,j ajkUk > 0. Thus,
(6) holds ⇐⇒ aij
ajj

1−
−
k≠i,j
ajkUk

< 1−
−
k≠i,j
aikUk
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⇐⇒ aij[1+ ajiM − (c2 + · · · + cN)M]
< c1[1+ aijM − (c2 + · · · + cN)M]
⇐⇒ [(c2 + · · · + cN)M − 1](c1 − aij) < aij(c1 − aji)M
⇐⇒ [(c2 + · · · + cN)M − 1](c1 − cℓ) < cℓ(c1 − cN−ℓ+2)M
for some ℓ ∈ IN \ {1}. Then, (6) follows from (26) and x∗ is a global attractor. 
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